Abstract. This paper concerns the evolution of a closed hypersurface of the hyperbolic space, convex by horospheres, in direction of its inner unit normal vector, where the speed equals a positive power β of the positive mean curvature. It is shown that the flow exists on a finite maximal interval, convexity by horospheres is preserved and the hypersurfaces shrink down to a single point as the final time is approached.
Introduction and main result
Let M n be a smooth, compact oriented manifold of dimension n ≥ 2 without boundary, (N n+1 ,ḡ) be an (n+ 1)-dimensional complete Riemannian manifold, and X 0 : M n → N n+1 a smooth immersion. Consider a one-parameter family of smooth immersions: X t : M n → N n+1 . The hypersurfaces M t = X t (M n ) are said to move by powers of the mean curvature, if X t = X(·, t) satisfies the evolution equation where β > 0, ν (p, t) is the outer unit normal to M t at X (p, t) in the tangent space T N n+1 , and H (p, t) is the trace of the Weingarten map W −ν (p, t) = −W ν (p, t) on the tangent space T M n induced by X t . Throughout the paper, we will call such a flow H β -flow. For β = 1, this flow is the well-known mean curvature flow, Huisken [14] showed that, when N n+1 is the Euclidean space R n+1 , any closed convex hypersurface M 0 evolving by mean curvature flow contracts to a point in finite time, becoming spherical in shape as the limit is approached. In [15] , he extended this result to compact hypersurfaces in general Riemannian manifolds with suitable bounds on curvature. In fact, the speed of the mean curvature flow can be viewed as a symmetric function of the principal curvature with homogeneous degree one, the results of [14] and [15] have been generalized to a class of fully nonlinear parabolic equations of degree one in the Euclidean space (or some Riemannian manifolds), see [1] , [2] , [8] , [9] , and [19] . If one considers the flows for which the speed has other positive degrees of homogeneity in the principal curvature it is more difficult to prove corresponding results for the flows. In some case it is known that if the initial hypersurface has an appropriate pinching condition on the principal curvature (unless the case the dimension of the hypersurface is two, see [3] , [5] and [23] ), then the evolving hyersurfaces converge to a single point (see [4] , [8] and [26] ).
The present flow (1.1) has been considered by Schulze in [24] when N n+1 is the Euclidean space for M 0 of strictly positive mean curvature hypersurface, he proved that (1.1) has a unique, smooth solution on a finite time interval [0, T ) and M t converges to a point as t → T if M 0 is strictly convex for 0 < β < 1 or M 0 is weakly convex for β ≥ 1. Here "weakly convex" and "strictly convex", resp., are defined as all the eigenvalues of Weingarten map being positive and nonnegative, resp.. But some counterexamples show that in general the evolving hypersurfaces may not become spherical in shape as the limit is approached.
However, the result of [24] does not closely relate to the ambient space, we face the challenges of extending the above result to hypersurface to more general ambient spaces. But not every Riemnnian manifold is well suited to deal with the situation analogous to the setting in the Euclidean space. The present paper wants to consider the case that the ambient space is a simply connected Riemannian manifold of constant sectional curvature κ(< 0) whose flow behaves quite differently compared to the Euclidean space to a certain extent.
Set a = |κ| and N n+1 κ be isometric to the hyperbolic space H n+1 κ of radius 1/a:
is then equivalent to considering the flow (1.1) in H n+1 κ . Indeed, in order to formulate the main result of this work, it is necessary to provide some definitions as in [6, 7] as follows.
is the limit of a geodesic sphere of H n+1 κ as its center goes to the infinity along a fixed geodesic ray. Definition 1.2. An horoball H is the convex domain whose boundary is a horosphere.
is said to be convex by horospheres (h-convex for short) if it bounds a domain Ω satisfying that for every p ∈ M = ∂Ω, there is a horosphere H of H n+1 κ through p such that Ω is contained in H of H n+1 κ bounded by H. Remark 1.4. In fact, Currier in [10] showed that h-convex immersions of smooth compact hypersurfaces are embedded spheres, and Borisenko and Miquel in [6] showed that horosphere H of H n+1 κ is weakly (strictly) h-convex if and only if all its principal curvatures are (strictly) bounded from below by a at each point. Now our main result which is an analogue of that on the flow (1.1) of convex hypersurface of the Euclidean space in [24] can be stated by the following theorem.
be a smooth immersion with the mean curvature strictly bounded from below by na, that is H(M 0 ) > na. Then there exists a unique, smooth solution to the flow (1.1) on a finite maximal time interval [0, T ) and T is between is essential to ensure short-time existence like the Euclidean case in [24] , and the h-convexity we work with for M 0 is the same as that of [7] in order to ensure that the initial hypersurface is sufficiently positively curved to overcome the obstructions from the negative curvature imposed by the ambient spaces.
About techniques used to prove the above theorem, this paper perturbs the second fundamental form by adding a suitable multiple of the induced metric and follows the ideas introduced in the Euclidean case [24] . The organization of the paper is as follows: Section 2 introduces the notation for the paper and summarizes preliminary results employed in the rest of the paper. Section 3 gives the proof of short-time existence and uniqueness of solutions, and derives the induced evolution equations for some geometric quantities and the corresponding turbulent quantities. Using these, Section 4 deduces that solutions of the flow (1.1) remain h-convex as long as it exists. Section 5 shows the lower and upper bounds on the maximal time, and establishes the long time existence for solutions of the flow (1.1). Section 6 proves that these hypersurfaces shrink down to a single point in H n+1 κ as the final time is approached.
Notation and preliminary results
From now on, we use the same notation as in [7, 14, 24] in local coordinates
Denote all quantities on H n+1 κ by a bar, for example byḡ = {ḡ αβ } the metric, byḡ −1 = {ḡ αβ } the inverse of the metric, by∇ the covariant derivative, by∆ the rough Laplacian, and byR = {R αβγδ } the Riemann curvature tensor. Components are sometimes taken with respect to the tangent vector fields ∂ α (= ∂ ∂y α ) associated with a local coordinate {y α } and sometimes with respect to a moving orthonormal frame e α , whereḡ(e α , e β ) = δ αβ . The corresponding geometric quantities on M n will be denoted by g the induced metric, by g −1 the inverse of g, ∇, ∆, R, ∂ i and e i the covariant derivative, the rough Laplacian, the curvature tensor, the natural frame fields and a moving orthonormal frame field, respectively. Then further important quantities are the second fundamental form A(p) = {h ij } and the Weingarten map W = {g ik h kj } = {h i j } as a symmetric operator and a self-adjoint operator respectively. The eigenvalues
The mean curvature is given by
the squared norm of the second fundamental form by
and the Gauß-Kronecker curvature by
More generally, the mixed mean curvatures E r , 1 ≤ r ≤ n, are given by the elementary symmetric functions of the λ i
and their quotients are
where E 0 ≡ 1, and E l ≡ 0, if r > n, Γ r := {λ ∈ R n | E i > 0, i = 1, . . . , r}. Denote the sum of all terms in E r (λ) not containing the factor λ i by E r;i (λ). Then the following identities for E r and the properties on the quotients Q r were proved by Huisken and Sinestrari in [16] .
Lemma 2.1. For any r ∈ {1, . . . , n}, i ∈ {1, . . . , n}, and λ ∈ R n ,
. . , n − 1} and r ∈ {2, . . . , n − 1}. Consider the functions:
.
Denote r p the function "distance to p" in H n+1 κ and use the notation ∂ rp = ∇r p . and denote the component of ∂ rp by ∂ ⊤ rp tangent to M t , which satisfies
Hadamard's theorem in the hyperbolic space implies that a hypersurface bounds a strictly convex body makes it possible to represent it as a graph over a geodesic sphere. In our case, M n is a strictly convex hypersurface in H n+1 κ , consider geodesic polar coordinates centered at p. Then the metric takes the following representation:
where σ := σ ij du i du j is the canonical metric of the unit sphere S n in T p H n+1 κ . Consider this embedding
Let D be the Levi-Civita connection on S n . For each t, regard r p as a function on S n . Then a local coordinate vector field of M t has the following representation
and the outward unit normal vector of M t can be expressed as
After a standard computation, the second fundamental form of M t can be expressed as (2.10)
and the metric g ij induced from H n+1 κ is (2.11)
From this, the inverse metric can be expressed as
Then equations (2.10) and (2.12) imply that (2.13)
Using (2.11) and (2.12) the Christoffel symbols have the expression:
Finally, define the inner radius ρ − by
where B r (q) is the geodesic ball of radius r with centered at q. The following well-known result in H n+1 κ will be applied in the later sections. 
Proof. See ( [6] , Theorem 3.1) for the proof.
Short time existence and evolution equations
This section first considers short time existence for the initial value problem (1.1).
be a smooth closed immersion with the mean curvature strictly bounded from below by na everywhere. Then there exists a unique smooth solution X t of problem (1.1), defined on some time interval [0, T ), with T > 0.
Proof. In fact, if f is any symmetric function of the curvatures λ i , i ∈ {1, . . . , n}, it is well-known (see e.g. Theorem 3.1 of [17] ) that a flow of the form
is parabolic on a given hypersurface with the condition ∂f ∂λi > 0 for all i holds everywhere. Then, given any initial immersion X 0 satisfying the parabolicity assumption, standard techniques ensure the local existence and uniqueness of a solution to (1.1) with initial value X 0 . In our case f = H β and the condition reads
which is satisfied the condition of Theorem 3.1 of [17] .
The rest of this section is devoted to compute the induced evolution equations of geometric quantities under the flow (1.1). The derivation of some induced evolution equations can follow the Theorem 3.15 in [1] , for example, using Simon's identity for the rough Laplacian of the second fundamental form (see [25] ), the evolution equation for the second fundamental form of evolving hypersurfaces by H β -flow in an arbitrary background space can be written as a reaction-diffusion equation:
where ν is arranged to be e 0 . Also note that in our case where the background space is a hyperbolic space, the ambient space is locally symmetric (∇R = 0) and the Riemann curvature tensor takes the form
Then, compared with the Euclidean case [24] , extra terms of following equations involving the second fundament form are now due to the background curvature.
Theorem 3.2. On any solution M t of (1.1) the following hold:
For the proof of the main theorem, as mentioned in the introduction, it is convenient for us to define some suitable perturbations of the second fundamental form. Define the turbulent second fundamental form
DenoteÃ (resp.W ) the matrix whose entries areh ij (resp.h i j ). Thenλ i given by
are the eigenvalues ofW . Denote the elementary symmetric functions of thẽ λ i byẼ r , 1 ≤ r ≤ n. From the definition it follows that
and their quotientsQ
forλ ∈Γ r−1 ,
. . , r}, ifẼ r is considered to be a function ofλ. It is easy to check that
and therefore the Codazzi equations hold for ∇ khij .
The following theorem is easily obtained from Theorem 3.2.
Theorem 3.3. On any solution M t of (1.1) the following hold:
(3.14)
Furthermore, the quotientsQ r (λ) satisfy the following evolution equation which is an extension of ([24] Lemma 2.4) to hypersurfaces of (1.
be an H β -flow with
Proof. As in [24] , from the evolving equation it is easy to calculate the derivative ofQ r :
Choosing a frame {e i } which diagonalisesW , the fifth and the sixth term appearing here can be simplified using the following simple calculation with the aid of Lemma 2.1:
In view of the Lemma 2.2, the second, the third and the last term in the right hand side (RHS for short) of the evolution equation of Q r are positive by monotonicity and concavity of theQ r . So the desired inequality can be obtained with the hypotheses.
If the hypersurfaces M t are strictly h-convex, consider the inverseW 
Proof. Compute fromb By the chain rule Using the Codazzi equations for ∇ khij and the concavity ofQ β n (θ) for 0 < β < 1, it follows that
UsingH < H, this leads to
which implies that the sum of the two gradient terms in the RHS of the equality in Lemma 3.5 is non-positive for 0 < β < 1. Then this shows the desired inequality for 0 < β < 1.
Preserving h-convexity
With the notation of Theorem 1.5, this section shall show that h-convex hypersurface remains so under the H β -flow, while in the case β ≥ 1 they immediately become strictly h-convex.
As a first step the maximum principle applied to the evolution equation of H guarantee that the minimum H min of H is increasing under the flow (1.1).
Proposition 4.1. Under the assumptions of Theorem 1.5,
which gives an upper bound on the maximal existence time T :
Proof. A direct calculation using A 2 ≥ 1 n H 2 gives an estimate
which implies that from the evolution equation (3.16) ofH 
On the other hand φ is explicitly given by
which proves Proposition 4.1.
To show that h-convexity of M t is preserved, next consider the evolution of λ min := min Mt λ i as in Chap. 3 of [13] . In order to do so, define a smooth approximation A to max(x 1 , . . . , x n ) as follows: for δ > 0 let A n (x 1 , . . . ,x i , . . . , x n+1 ) , n ≥ 2.
The approximation has the following properties, for a proof see ( [13] , Lemma 3.3).
Lemma 4.2. For n ≥ 2 and δ > 0, i) A n (x 1 , . . . , x n ) is smooth, symmetric, monotonically increasing and convex,
∂An(x1,...,xn) ∂xi
Schulze in [24] proved that the minimal principal curvatures of the hypersurfaces under the H β -flow is increasing by applying the properties of A n , which is also valid in the context of H Proof. Note that the monotonicity ofλ min (t) in time is the same as that of λ min (t), so it is sufficient to prove thatλ min (t) is monotonically increasing. Firstly, Proposition 4.1 ensures that H preserves positivity in time.
For β ≥ 1, using a frame which diagonalisesW , consider the evolution of λ min (t) in the evolution equation (3.15) ofW . Then
The part in the square brackets is nonnegative by the identity H =H + na, the estimates Ã 2 ≥Hλ 2 min and Ã 2 ≥ nλ 2 min . Then the maximum principle shows the desired result.
For 0 < β < 1, observe that the gradient terms have the wrong sign, we have to work a little bit more as in [24] . grouping the two identities and applying Lemma 3.5 A satisfies the following evolution inequality:
The various terms on the RHS of this inequality can be easily estimated: First, in view of Lemma 4.2 i) convexity of A implies convexity of A , then the second term can be estimated by
Using Lemma 4.2 v), 0 < β < 1, andH ≤ H the third term can be estimated by (β − 1)H β−1H .
Lemma 4.2 iv) implies that the next term can be estimated by
and the fifth term can be dropped. The last term also can be dropped since ∂A ∂b j ib p ib j p is positive. The following estimate is obtained:
At a point (p, t) with A − (n − 1)βδ > 0, sincẽ
this gives an estimate of the form
which gives a contradiction if A attains a first maximum larger than (n − 1)βδ. The limit as δ is approached to 0 then implies the conclusion of Lemma 4.3.
Proof. Lemma 4.3 implies that if M 0 is strictly h-convex, under the flow (1.1), M t is strictly h-convex as long as it exists, then A ≤ H, which implies that from the evolution equation (3.10) of H
then by the maximum principle
Thus, this gives the desired estimate.
be an H β -flow of weakly h-convex hypersurfaces. Then M t is weakly h-convex for all t ∈ [0, T ).
Proof. The initial surface M 0 can be smoothly approximated by strictly hconvex hypersurfaces M i 0 . Let these hypersurfaces move by H β -flow, which by Lemma 4.3 remain strictly h-convex. For any t ∈ [0, T ), Corollary 4.4 implies the uniform C 2 -estimates for these hypersurfaces. For α > 0 the uniform C 2,α -estimates can be obtained for these hypersurfaces as follows: For 0 < β ≤ 1 the speed H β is concave in h j i and in this case with the uniform C 2,α -bounds are known in general for concave operators (see [20] , Theorem 2, Chapter 5.5, or also see [18] ). For β > 1, M i t can be locally reparameterized as graphs over the unit sphere S n with center p in T p H n+1 κ
. From (1.1) and (2.8), a short computation yields that the distance function on S n satisfies the following parabolic PDE (4.3)
where the mean curvature H and the outward normal vector length |ξ| are given by the expressions (2.13) and (2.9), respectively. The function H β in the coordinate system under consideration is a function of D 2 r and Dr. Since H(·, t) is larger than na and bounded above by Corollary 4.4 this implies that H β−1 are also uniformly Hölder continuous functions. Then this ensures that (4.3) is a linear, strictly parabolic partial differential equation
with coefficients given by
in space and time. The interior Schauder estimates by the general theory of Krylov and Safonov [18] , [20] lead to C 2,α -estimates. In both cases, i.e., 0 < β ≤ 1 and β > 1, such a property implies all the higher order estimates by using standard linearization and bootstrap techniques (see [18] , [20] ). By extracting a convergent subsequence of strictly h-convex flows it follows that the original flow also had to be h-convex.
For β ≥ 1, the following Proposition shows that weakly h-convex hypersurfaces immediately become strictly h-convex under the H β -flow in H Proof. It is sufficient to prove thatλ i > 0. Since H(t) > na, i.e.,H(t) > 0, for all [0, T ),Q 2 is well-defined and Corollary 4.5 implies that M t is weakly h-convex. Then an immediate consequence is
For t ∈ [0, ε], ε < T , the bounds on A 2 imply the bounds on Ã 2 , |H|, and
on this interval. An application of Lemma 3.4 for ω := e CtQ 2 shows the following estimate:
Suppose that there exists (p 0 , t 0 ) ∈ M n × (0, ε) withQ 2 (p 0 , t 0 ) = 0, then also ω(p 0 , t 0 ) = 0. The Harnack's inequality in the parabolic case (see i.e., [20] ) applied to the above equation shows that ω ≡ 0 for all t ∈ (0, t 0 ), i.e.,Q 2 ≡ 0, which is in contradiction to the existence of strictly convex points on M t , and soQ 2 > 0 on M n × (0, T ). An iterative application of this yields thatQ r > 0 on M n × (0, T ). This concludes the proposition.
The long time existence
The third section has shown that the equation (1.1) has a (unique) smooth solution on a short time if the initial hypersurface in H n+1 κ is h-convex. This section considers the long time behavior of (1.1) and establishes the existence of a solution on a finite maximal interval. 
Proof. The estimates on the maximal time T of existence can be easily derived from Proposition 4.1, Corollary 4.4 and the proof of Corollary 4.5. To complete the proof of the theorem, assume that A 2 remains bounded on the interval [0, T ), and derive a contradiction. Then the evolution equation (1.1) implies that
Since H is bounded, X(·, t) tends to a unique continuous limit X(·, T ) as t → T . In order to conclude that X(·, T ) represents a hypersurface M T , next under this assumption and in view of the evolution equation (3.5) the induced metric g remains comparable to a fix smooth metricg on
for any non-zero vector u ∈ T M n , so that ratio of lengths is controlled above and below by exponential functions of time, and hence since the time interval is bounded, there exists a positive constant C such that
Then the metrics g(t) for all different times are equivalent, and they converge as t → T uniformly to a positive definite metric tensor g(T ) which is continuous and also equivalent by following Hamilton's ideas in [12] . Using the uniform C 2,α -estimates from the proof of Corollary 4.5 it is enough to imply bounds on all derivatives of X. Therefore the hypersurfaces M t converge to a smooth limit hypersurface M T . Finally, applying the local existence result with initial data X(·, t), the solution can be continued to a later times, contradicting the maximality of T . This completes the proof of Theorem 5.1. 
A straightforward analysis for the existence of solution of the above ODE implies that the evolving geodesic spheres S t with radii R(t) contract to the center of the S 0 on a finite maximal existence time T satisfying
where the function f β (x) on [0, +∞) is given by
In the following, we wants to show that the flow exists as long as it bounds a non-vanishing volume. In order to achieve this, using a trick of Tso [26] for the Gauß curvature flow, see also [1] , [7] and [21] , we study the evolution under (1.1) of the function
Here Φ = s κ (r p ) ν, ∂ rp , which could be seen as "support function" of M n in H n+1 κ , and ǫ is a constant to be chosen later.
Corollary 5.3. For t ∈ [0, T ) and any constant ǫ,
Proof. For every X, Y tangent to M t , the following formulas is well-known (see [22] page 46 or [11] ):
This implies that
On the other hand,
Using (1.1) and (5.2) a direct calculation gives
which implies that
On the other hand, straightforward computations having into account (5.2) and (5.5) as in (Section 4 of [7] ) give
Combining this with (5.7) yields (5.9)
From (5.1), (3.11) with l = β and (5.9), it follows
Another computation leads to
by combining (5.11) with (5.10), then the desired equation follows easily.
To get an upper upper bound for Z which is finite and independenat of t, applying the maximum principle, first it is necessary to get an upper bound for r p . for all t ∈ [0, T ).
Proof. Since the total area A(M t ) under the flow (1.1) is decreasing from the evolution equation (3.7), then A(M t ) ≤ A 0 for all t ∈ [0, T ). In view of Lemma 2.3 ii) h-convexity of the initial hypersurface in H n+1 κ implies that ∂ rp , ν > 0 for all t ∈ [0, T ). Now choosing geodesic polar coordinates in H n+1 κ around a center p t of an inball of Ω t as mentioned in Section 2, the total area of M t is given by
where du is the volume form of the unit sphere S n in R n+1 . But the facts ρ − (t) ≤ s(u) and A(M t ) ≤ A 0 , thus the conclusion of the lemma follows having into account that 0 < ∂ rp , ν ≤ 1, s 
Contraction to a point
Now proceeding exactly as in [24] , this section shows that M t shrink down to a single point as the final time is approached.
Proof of Theorem 1.5. Theorem 5.1 and Theorem 5.6 ensure that the flow exists as long as it bounds a non-vanishing domain. Lemma 4.3 and Proposition 4.6 show that all hypersurfaces are strictly h-convex for t ∈ [0, τ ), thus lim t→T λ min(t) ≥ a + δ > a. Suppose for all t ∈ [0, τ ) there exist two distinct points q 1 , q 2 in Ω t ⊂ H n+1 κ , whose boundary is M t . Let P be any 2-dimensional plane through q 1 and q 2 , then P intersects M t transversally in regular curves γ P t . Since λ min (t) > a + δ 2 , then the curvature of the curves γ P t has a lower bound a + δ ′ > a. Let I t := P ∩ Ω t . The fact the n-dimensional Hausdorff measure H n (Ω t ) → 0 implies that there is a P such that H 2 (I t ) → 0, contradicting that q 1 , q 2 ∈ I t and that the curvature of the curves γ P t is uniformly bounded from below by a.
